.
Some of the best known properties of rocks are not described by the model embodied in these equations. For example, the dynamic modulus is usually greater than the static modulus [Plona and Cook, 1995] , a result that was explained by appealing to a frequency effect or the difference between adiabatic (dynamic) and isothermal (static) measurements [Blot, 1956] . Also, the traditional theory provides neither a qualitative nor a quantitative explanation of a stress-strain equation of state with hysteresis and discrete memory [Holcomb, 1981] . In rock the stress is not an analytic function of the strain.
Review of the PM Space Picture
The elastic properties of a rock are due to the stressstrain response of many complex structural features such as cracks, joints, contacts, and grain boundaries. The behavior of any one of these structural features is complicated and often hysteretic. The experiments examined here, uniaxial stress strain over a fairly modest pressure range, are sensitive to the ensemble behavior of a vast number of structural features (109-10•/cm 3) in the rock. Thus we assign to each structural feature only those properties essential to assessing its participation in a uniaxial stress experiment. The structural features are replaced by simple mechanical units, springs that (1) enforce one of two displacements between their ends, lo (o: open) at low pressure and lc (c: closed) at high pressure and (2) respond hysteretically to the pressure they are called upon to support.
The mechanical units are hysteretic and respond to different opening and closing pressures. Thus the elastic response of the units and the system as a whole depends on the pressure history of the rock. To describe the elastic behavior of a rock, we must know the pressure history and be able to relate the pressure history to the ensemble behavior of hysteretic mechanical units.
PM space is a construct that allows us to predict the ensemble behavior of many hysteretic mechanical units. PM space is a space in which the behavior of the mechanical units in the rock is tracked [McCall and Guyer, 1994] . In the following we review the contents and consequences of PM space (the forward calculation) and the construction of P M space from experimental data (the inverse calculation). an optimum data set and computational strategy for uncovering the elastic features of interest. We expect this to involve a flexible and precise experimental setup working interactively with a flexible and facile computational apparatus.
Methods of Inversion
We illustrate three methods of inverting stress-strain curves to find p(m, n). The problem is severely underdetermined; thus the solution is not unique. The three methods of inversion are simulated annealing (SA), normal mode analysis (NM), and exponential decay (ED).
The data we use for the inversions are always a subset of the data available. We use the inversion results to predict additional parts of the data sets to establish predictive capability.
Inverse Calculation
Equations (5) The total energy of PM space is E = Ec + AEs, where ,k is a parameter set to maximize smoothness without compromising the primary contraints embodied in
We minimize E computationally, using the following The degree to which the total energy E respects the smoothness constraint depends upon the value of A. If A is very large, the SA procedure generates a smooth solution that only weakly satisfies the modulus constraints. In the opposite limit, A -0, the solution satisfies the modulus constraints exactly and is one of a large number of degenerate, nonsmooth solutions.
Guyer et al.
[1995] used a SA procedure to invert a data set on Berea sandstone to determine p(m, n).
Among the qualitative results was that the density in PM space is composed of two parts, a diagonal or nonhysteretic part containing a majority fraction of the mechanical units and an off-diagonal, background, or hysteretic part. That is The sum on the right-hand side is over the contents of a rectangular collection of bins that are part of the background only. There are N-1 nontrivial strain differences at Pk, where k = 0,..., N-2. These differences are N-1 strain constraints on the background density.
The normal mode method uses the strain constraints of (15) to find pB(m,n), m -7: n, in (14). Modulus constraints then determine the diagonal parts of p.
Let us suppose that we can describe the background density with a complete set of orthonormal functions that span PM space, O•(rn, n). We expand the density pB(rn, n) in terms of these functions,
Given ( 
where A(m) is the nonhysteretic part of p(m, n) and ps(m, n) is the background or hysteretic part of p(m, n).
With hindsight this is apparent from examination of the stress-strain curves; they are almost not hysteretic. One of the virtues of the simulated annealing procedure is that it does not need to be prompted to find this structure. Rather, it has the freedom to find this or any other solution that is consistent with the data. A P M space density of the analytic form in (14) suggests two alternative methods for finding p(m, n).
Normal Modes
The SA procedure uses the experimental modulus to constrain row and column sums in P M space. We postulate in (14) that each of these constraints is the sum (18) for column N-2, we can find the amplitude that describes the bins in this column. We proceed in this manner going next to the constraint involving columns N-3, N-2, and N-1. In this way we systematically develop the entire background density. Using the modulus constraints, we find the diagonal part of p(m, n).
Results
In this section we describe the application of SA, NM, and ED to three data sets denoted B1, B2, and C. These are stress-strain data sets on sandstones.
1. B1 refers to a data set on Berea sandstone attributed to Boitnott [1993] . The B1 data set consists of a series of smaller and smaller stress-strain loops, shown in Figure 1 ; the pressure protocol is shown as an inset. The SA method is the least biased by our assumptions about the structure of P M space. The SA filling of PM space is flexible because there are as many variational parameters as there are bins. However, the SA method requires an order of magnitude more computational time than the NM method.
The NM method reduces the number of variational parameters by an order of magnitude over the SA method but does not a priori enforce a particular density distribution. The NM method is very fast, requiring only the inversion of an N x N matrix. However, the choice of normal modes will influence the superficial structure of PM space. For example, our choice of cosines as normal modes produces a small sinusoidal variation in the P M space structure. This is most pronounced in the analysis of the Castlegate sandstone data.
The ED method is the most biased by our assumptions. It is the fastest computationally because the ED method leaves only one parameter to be chosen by the operator. The ED method enforces a PM space that is exponentially decaying away from the diagonal. Thus we may inadvertantly miss interesting structure in the PM space of unusual rock samples.
Our results do not constrain our choice of method.
We prefer the NM method. It is a compromise between the SA method, having as many variational parameters as there are bins, and the ED method, having one parameter and a definite prejudice as to the behavior of the density. In addition, the NM method requires less computer time than the SA method, although it requires more computer time than the ED method. Below, we illustrate the use of the NM method on all three data sets. 
Normal
To find a and b, we fit the dynamic modulus shown in Figure 10 to (24)__with the pressure variable P replaced by P-P. Here P is the average pressure and K is the average modulus. Thus the fi and 5 that we find characterize the entire dynamic modulus curve. The smooth curve determined in this way is shown in Figure 10 . We find P-7.22 MPa and K -23.28 GPa. In Table 1 we list the values of fi and 5 found from this analysis. Note the magnitude of the cubic anharmonicity is approximately 10 a, about 2 orders of magnitude greater than for normal materials. In general, consolidated materials are very anharmonic compared to normal mate- experimental data and (24)-(26) . From the PM space density we can calculate the dynamic modulus using (10b). The result is shown in Figure 13 , where we also show the two static moduli calculated from the experimental data. As we found for sample B1, the dynamic modulus is greater than the static modulus at all pressures. The oscillation of the dynamic modulus is evidence of the normal mode method we have employed, and we find that the error bars are of order the oscillation.
As we did for sample B1, we can use a smooth curve through the dynamic modulus to determine the strength of the anharmonicities. We find P -11.93
MPaand K-29.16 GPa. The values offi and 5 derived from this procedure are listed in Table 1 . We note that fi is about the same for both Berea samples. The coefficient bK (see (24) density that we found using the NM method is shown in Figure 15 . In this figure the sinusoidal character of' our choice of normal modes is evident in the spurious minimum close to the diagonal at P m 5 MPa. 
Conclusions
In this paper we have introduced three methods for solution of the PM space inverse problem (simulated annealing, normal modes, and exponential decay) and tested them using three stress-strain data sets on sandstones (B1, B2, and C). We applied all three methods to the B1 data set. From the data set we found the PM space density p and used it to predict the behavior of a sequence of quasi-static stress-strain curves. The resulting three sets of quasi-static stress-strain curves did not provide the means to make a definitive choice among methods. Considering flexibility (the ability to give an unanticipated result) and computation time, we feel that the method of normal modes is most valuable.
We used this method to look further at the B1 data set and at the B2 and C data sets. We find the following. 1. The PM space density is well described by a diagonal plus background structure, as in (14). Almost 50% 2. The three data sets cover different pressure ranges: 3 MPa, 12 MPa, and 24 MPa for the C, B1, and B2 data sets, respectively. The PM space density is most uniform for sample C, the smallest pressure range, and least uniform for sample B2, the largest pressure range. As the variation in pressure and strain increases, the inverse problem becomes more difficult to constrain.
3. PM space for samples B1 and B2 contains the highest density of hysteretic mechanical units at low pressure. This implies that the hysteretic behavior of rocks is due to mechanical units with maximum compliance at low pressure. At high pressure the rock tends to the elastic properties of the grain material with greatly reduced hysteresis. It is this qualitative property that gives both the sign and order of magnitude of/3 and 5. 
